Abstract. The goal of the present paper is to compare, in a precise way, the two notions of operads up to homotopy which appear in the literature. Namely, we construct a functor from the category of strict unital homotopy colored operads to the category of infinity-operads. The former notion, that we introduce, is the operadic generalization of the notion of A-infinity-categories and the latter notion was defined by Moerdijk-Weiss in order to generalize the simplicial notion of infinity-category of Joyal-Lurie. This functor extends in two directions the simplicial nerve of Faonte-Lurie for A-infinity-categories and the homotopy coherent nerve of Moerdijk-Weiss for dg operads.
Introduction
In Algebra, the structure relations hold strictly. This is for instance the case for sets, groups, rings, vector spaces, etc. So all of these examples are well encoded by categories. In this context, two objects are considered to represent equivalent notions if they are related by an isomorphism. However, in some areas of Mathematics, this equivalence relation is too strong and one would like to consider only weakly equivalent objects. For example, two categories are considered to be essentially the same if they are equivalent, two chain complexes give rise to the same homology groups when they are quasi-isomorphic, and two topological spaces have the same homotopy type if they are related by weak homotopy equivalences. In these examples, one can consider the Dwyer-Kan localization with respect to the class of weak equivalences. This provides us with a higher category structure made up of 2-morphisms, which are morphisms between morphisms, and, in general, nmorphisms, which are morphisms between (n − 1)-morphisms, for integers n. These n-morphisms are invertible for n ≥ 2 and they encode coherent higher homotopies. In this way, one can perform higher algebra in these (∞, 1)-categories, which can actually be either categories enriched in simplicial sets, like the Dwyer-Kan localization, or Joyal's quasi-categories, called ∞-categories by Jacob Lurie [Lur09] . Recall that a quasi-category is a simplicial set satisfying a lifting condition, which defines the composition of morphisms up to homotopy.
Categories enriched in chain complexes, called dg categories, are a kind of linear version of ∞-categories. In his book [Lur12] , Jacob Lurie presents several ways to interpret dg categories as ∞-categories. Relaxing the associativity relation of the composition rule in a dg category leads to the definition of an A ∞ -category, notion which now plays a key role in symplectic geometry [FOOO09] . In [Fao13] , Giovanni Faonte extends one of Lurie's constructions to the case of A ∞ -categories and so builds a simplicial nerve of A ∞ -categories. Let [n] be the poset 0 < 1 < · · · < n canonically enriched into a dg category; the simplicial nerve of an A ∞ -category C is defined by the following simplicial set:
N A∞ (C) n := Hom A∞-cat ([n], C) , for any integer n. Faonte's main result asserts that this actually forms a quasi-category.
Representations of associative algebras are made up of linear operators. To encode multi-linear operators, which are operators with many inputs but one output, one can use representations of operads. A colored operad P is the data of a set of colors and sets of multilinear operations , with inputs and output labeled by the colors. One can only compose operations with matching colors. Moreover, the action of the symmetric groups allows one to permute the inputs. Note that any category may be viewed as a colored operad, where the objects are the colors and where the maps are operations of arity one.
On the one hand, the notion of quasi-category has an analogue in the world of operads which is called an ∞-operad; this notion has been developed by Ieke Moerijk and Ittay Weiss in [MW07] . First one needs an operadic generalization of the notion of a simplicial set: it is defined as a contravariant functor from trees to sets and called a dendroidal set. In the same way as a quasicategory is a simplicial set satisfying a lifting property, an ∞-operad is a dendroidal set satisfying a similar lifting property. On the other hand, the differential graded notion of an A ∞ -algebra has also been extended by Pepijn Van der Laan [VdL03] to a notion called homotopy operad. A homotopy operad is the data of operations, with zero or many inputs but one output, structured in a family of differential graded K-modules. The group actions and composition maps are well defined but the latter ones are "associative" only up to a family of higher homotopies. Actually, a homotopy operad whose operations only have one input is an A ∞ -algebra.
The present paper has the following two main goals. The first one is to define a suitable notion of homotopy colored operads, with a homotopy control of the unit, and which completes the following commutative diagram. The second goal is to extend the nerve of Faonte-Lurie to the operadic level, i.e. to build a nerve functor N Ω from the category of strict unital homotopy colored operads to dendroidal sets, such that for any A ∞ -category A, the simplicial set induced by the dendroidal set N Ω (A) is equal to N A∞ (A). More precisely, this dendroidal nerve is defined as follows. For any tree T , let us denote by Ω(T ) the canonical algebraic colored operad induced by T and consider it as a strict unital homotopy colored operad. The dendroidal nerve N Ω (P) of a strict unital homotopy colored operad P is defined by 
which is natural in dg colored operads P.
Layout. In the first section of this paper, we recall the definitions of colored operads, dendroidal sets, and ∞-operads; we provide the reader with more details on the relations between trees and operads. In the second section, we define colored generalizations of the notions of cooperads, homotopy operads and strict unital homotopy operads. The third section is the main part of this paper. There, we introduce the dendroidal nerve which goes from the category of strict unital colored homotopy operads to the category of dendroidal sets. We prove that its image actually lands in the category of ∞-operads and we show that its restriction to dg operads is equal to the homotopy coherent nerve of Moerdijk-Weiss.
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Conventions.
⊲ We work over a field K of characteristic 0. ⊲ We denote by Set the category of sets, ∆ the category of finite sets {0, ..., n}, for n ≥ 0, with monotonic functions and sSet the category of simplicial sets. ⊲ We denote by gr-Vect the category of graded K-modules, and dg-Vect the category of chain complexes of K-modules. These two categories are endowed with their canonical symmetric monoidal structure. ⊲ For any chain complex V , the suspension of V is the shifted chain complex sV such that (sV ) n := V n−1 and d sV := −d V . ⊲ If x is a homogeneous element of a graded K-module, then its degree is denoted by |x|. ⊲ Let gr-Vect deg be the category of graded K-modules with graded morphisms. ⊲ Finally, we let [n] denote the poset 0 < 1 < · · · < n and n the set {1, ..., n}.
Recollections on colored operads and dendroidal sets
In this section, we recall the notions of colored operads, dendroidal sets and ∞-operads. These concepts are intimately related to the properties of trees. First, we make more precise the appendix of [BM07] defining colored operads as monoids. This clear presentation will allow us to introduce the relevant new operadic notions in the next section. Then, we give a short survey on dendroidal sets and ∞-operads after the original reference [MW07] .
1.1. Colored operads as monoids. We give a monoidal definition of colored operads over a symmetric monoidal category (E, ⊗, 1 E ) with colimits preserved by the monoidal product. This notion can be found in the appendix of the paper [BM07] by Berger-Moerdijk. We start working over a fixed set of colors C.
Definition 1 (The groupoid Bij C ). Let Bij C be the category whose objects are pairs (c; χ : X → C), where c is a color in C and χ is a function from a finite set X to the set C. A morphism from (c; χ :
There are no morphisms between objects (c; χ) and (c ′ ; χ ′ ) when c = c ′ .
Definition 2 ((C, S)-module). A (C, S)-module is an E-presheaf on Bij C , i.e. a functor from the category Bij op C to E. The category of (C, S)-modules is the category of E-presheaves on Bij C . We denote it by (C, S)-Mod.
One can interpret a (C, S)-module as a collection of operations with one output and zero or many inputs labeled by colors. For example, let V be a (C, S)-module, let χ : X → C be a function and let c be an element of C. Then V(c; χ) represents the operations whose inputs are the elements x ∈ X colored by χ(x) and whose output is colored by c. To compose operations of two (C, S)-modules with respect to the colors, we introduce the following composite product.
Definition 3 (Composite product). Let V and W be two (C, S)-modules. Their composite product is the (C, S)-module V • W which sends every object (c; χ : X → C) of the category Bij C to the following colimit:
where the second coproduct is taken over all functions ψ : k → C and where the third coproduct is taken over all functions α : X → k. This colimit is a coset under the following actions of the symmetric groups S k , for integers k ≥ 1.
) through the symmetric monoidal structure of E. The global action of S k is given by the isomorphisms V (σ) ⊗ σ * , for every permutation σ ∈ S k .
Let I C be the (C, S)-module defined by I C (c; c) := I C (c; * → c) = 1 E , for any c ∈ C, and by I C (c; χ : X → C) = ∅ (the initial object in the category E) if the cardinal of X is not 1 or if the image of χ is different from the color {c} of the output. Definition 4 (C-colored operad). A C-colored operad is a monoid (P, γ, η) in the monoidal category of (C, S)-modules: the composition map γ : P • P → P is associative and the map η : I C → P is a unit.
Morphisms of colored operads.
We provide here a detailed definition of the suitable notion of morphism between two operads colored over possibly different sets of colors. From now on, we consider the set of colors to be part of the data and we work over varying sets of colors.
Definition 5 (Colored S-module).
A colored S-module (C, V) is made up of a set C of colors and a (C, S)-module V.
We will define morphisms of (C, S)-modules in an analogous way as morphisms of presheaves on topological spaces are defined. Let us recall that an E-presheaf on a topological space X is a E-presheaf over the category Open X of open subsets of X with inclusions. Let X and Y be topological spaces and let F and G be presheaves respectively on X and Y . Any continuous
Furthermore, a morphism of presheaves on topological spaces from (X, F ) to (Y, G) is the data of a continuous function f from X to Y , and hence a functor F from Open Y to Open X , together with a morphism of presheaves over Open Y from G to f * F , or equivalently, a morphism of presheaves over Open X from f −1 G to F . 
Proof. The proof is straightforward and left to the reader.
These functors behave well with respect to the composition of functions: for any functions
Definition 7 (Morphism of colored S-modules).
A morphism of colored S-modules from (C, V) to (D, W) amounts to the data of a function φ from C to D and a morphism f * of (C, S)-modules from V to φ * W, or equivalently, a morphism f ! of (D, S)-modules from φ ! V to W. Such a morphism, defined either by the couple (φ, f * ) or by the couple (φ, f ! ), will be denoted simply by f . 
Proposition 2. Colored S-modules and their morphisms form a category, denoted by S-Mod.
Proof. One defines the composite of two morphisms f = (φ, f * ) and g = (ψ, g * ) by 
Proposition 3. Let φ : C → D be a function, and let
Proof. This is a corollary of the previous lemma since the image of a monoid under a lax monoidal functor is again a monoid.
Definition 8 (The category of colored operads).
⊲ A colored operad P = (C, P, γ, η) is the data of a set of colors C and a C-colored operad
e. a morphism of monoids in the monoidal category of (C, S)-modules.
Proposition 4. Colored operads together with their morphisms form a category denoted Op.
Proof. We first prove that the composite of two morphisms of colored operads is a morphism of colored operads. Let P = (C, P, γ, η), Q = (D, Q, ν, θ) and R = (E, R, µ, υ) be three colored operads, and let f = (φ, f * ) : P → Q and g = (ψ, g * ) : Q → R be two morphisms of colored operads. Their composite is equal to gf := (ψφ, φ * (g * )f * ). Since the functor φ * is a lax monoidal functor, it preserves morphisms of monoids. So the composite φ * (g * )f * is a morphism of (C, S)-operads. The unit morphisms for the composite of morphisms of colored operads are the unit morphisms of the category of colored S-modules.
Convention. Since we will only work with colored operads throughout the text, we will often use the simpler terminology of S-modules and operads, i.e. dropping the understood adjective "colored".
1.3. The category of trees. The theory of operads is intrinsically related to the combinatorics of trees. So we begin this section with a precise definition of the notion of tree used here. The formalism of trees will be used in the next section to introduce the concept of dendroidal set [MW07] , which is an operadic generalization of the concept of simplicial set. Finally, we will recall the definition of an ∞-operad, which is to dendroidal sets what ∞-categories are to simplicial sets, that is a weak Kan object.
Definition 9 (Graph). A graph is a quadruple G = (V, F, υ, ρ)
where V is a finite set of elements called the vertices, F is a finite set of elements called the flags or half-edges, υ is a function from the set F of flags to the set V of vertices and ρ is an involution of the set F . The orbits of this involution are called edges. An edge is inner if it contains two flags and outer otherwise.
Example 1. For instance, two vertices linked by an edge is just a set of vertices with two objects {v 1 , v 2 }, a set of flags with two objects {f 1 , f 2 }, a function υ such that υ(f i ) = v i and an involution ρ such that ρ(f 1 ) = f 2 . Definition 11 (Sub-tree). Let T = (V, F, υ, ρ, r) be a tree. A non trivial sub-tree T ′ of T is a non-empty subset V ′ of V which is connected, i.e. for any two vertices v 1 and v 2 of V ′ , there exists a path between them in the tree T which only visits vertices in V ′ . This subset determines a new tree also denoted T ′ which is the 5-tuple (
Definition 10 (Tree). A (rooted) tree T = (V, F, υ, ρ, r) is a connected graph (V,
The root r ′ is the edge of T ′ which is the flag closest to the root r of T .
Definition 12 (Partition of a tree). Let T = (V, F, u, ρ, r) be a tree. A partition of T with no trivial component is the data of non-trivial sub-trees T 1 , . . . , T k with no common vertices such that their union contains every vertex of T . Moreover, we denote by T /T 1 · · · T n the tree obtained from T by contracting into one vertex each sub-tree T i .
•
Figure 3. An example of a partitioned tree and its associated contraction.
Following Moerdijk-Weiss [MW07] , we can consider the following set theoretical colored operad Ω(T ) generated by any tree T .
Definition 13 (The operad Ω(T )
). For any tree T , Ω(T ) is the operad colored by the set of edges of T , freely generated by the set of vertices of T . In details, Ω(T )(c; χ : X → C) := { * } if there is a (possibly trivial) sub-tree of T with output c and inputs χ(x 1 ), . . . , χ(x n ). Otherwise Ω(T )(c; χ : X → C) := ∅. The composite map is given by the grafting of sub-trees inside T .
Definition 14 (The category of trees). The category of trees, written
Tree is made up of trees, as defined above; the morphisms from a tree T to a tree T ′ are the morphisms of operads from Ω(T ) to Ω(T ′ ), i.e.
Here are three families of simple morphisms of trees. An outer coface d v adds a new external vertex v, i.e. a vertex attached to at most one other vertex. An inner coface d e introduces an inner edge e. A codegeneracy erase an arity 1 vertex. The inner and outer cofaces, the codegeneracies and the isomorphisms generate all the morphisms of trees. More details can be found in the paper [MW07] .
1.4. Dendroidal sets. We introduce here the concept of dendroidal set due to Moerdijk-Weiss [MW07] , which is an operadic generalization of the concept of simplicial set.
Definition 15 (Dendroidal set).
A dendroidal set is presheaf on the category Tree, i.e. it is a functor from the category Tree op to the category Set of sets. We denote the category of dendroidal sets by dSet. By analogy with simplices of simplicial sets, we call dendrices of a dendroidal set D the elements of the image sets D T , for any tree T . If we consider the poset [n] := 0 < 1 < · · · < n as the linear tree (ladder) with n vertices and n + 1 edges labeled by the set {0, . . . , n} from bottom to top, then we can consider the category ∆ made up of sets {0, . . . , k} and non-decreasing functions as a full sub-category of the category Tree. Therefore any dendroidal set D : Tree op → Set induces a simplicial set as follows:
Dendroidal sets are thus a generalization of simplicial sets. Moreover, the simplicial sets ∆ n and Λ k n have dendroidal analogues which we define below.
Definition 16 (The dendroidal sets Ω[T ] and Λ e [T ]). For any tree T , let Ω[T ] be the dendroidal set given by the Yoneda embedding of trees into dendroidal sets, that is Ω[T ] := Hom Tree (−, T ) .
For any inner edge e of T , let Λ e [T ] be the sub-dendroidal set of Ω[T ] generated by all the faces (inner and outer) except the one corresponding to e, that is
where g is a morphism of trees and d is a coface targeting T which is different from the inner face related to the edge e.
1.5. Infinity-operads. We give here the definition of an ∞-operad, which is to dendroidal sets what ∞-categories are to simplicial sets. Recall that an ∞-category (or quasi-category or weak Kan complex) is a simplicial set X such that for all n ≥ 2 and 1 ≤ k ≤ n − 1 and every morphism
Quasi-categories are models of (∞, 1)-categories where the objects are the 0-vertices, the 1-morphisms are the 1-vertices and where the higher vertices encode higher homotopical data. Indeed, the above lifting property for n = 2 and k = 1 means that any two 1-morphisms such that the target of the first one is the source of the second one can be composed up to homotopy. More details can be found in [Lur09] . The following notion of ∞-operad is an operadic generalization of this notion of ∞-category.
Definition 17 (∞-operad). An ∞-operad, or infinity-operad in plain words, is a dendroidal set D such that for every tree T and any inner edge e of T , every morphism from Λ e [T ] to D can be lifted to a morphism from Ω[T ] to D:
We define the set of colors of an ∞-operad D to be the set D | , for the trivial tree |. The arity k operations are given by D T for T being a corolla with k leaves. For such a corolla and any leaf l of it, there is a face map P T → P | , which gives the color of the input corresponding to l. The face map P T → P | corresponding to the root gives the color of the output. The "horn" condition of the definition for two-vertex trees means that two operations with compatible colors can be composed up to homotopy. Indeed, let T be a tree with two vertices: it is made up of two sub-trees T 1 and T 2 joined by an edge e. Let v 1 (resp. v 2 ) be the unique vertex of the tree T 1 (resp. T 2 ). 
Strict unital homotopy colored operads
In this section we introduce the new notion of homotopy colored operads with strict unit, which is the operadic generalization of the notion of A ∞ -category [FOOO09] . For that purpose, we introduce the notions of colored cooperads, conilpotent cofree colored cooperads and coderivations, which are generalizations from the non-colored case in the framework developed in the previous section. The propositions are often proved in the same way as in the non-colored case, but we recall the key properties that will be used later on.
2.1. Colored cooperads. We first consider the category of colored cooperads.
Definition 18 (Colored cooperads).
⊲ For any set C, a C-cooperad is a comonoid (C, ∆, ε) in the category of (C, S)-modules. ⊲ More generally, a colored cooperad is a quadruple (C, C, ∆, ε), where C is a set and where (C, ∆, ε) is a C-cooperad. 
where the second coproduct is taken over the colors c in C such that φ(c) = c ′ , the functions χ : X → C such that φχ = χ ′ , the functions α → k and the functions υ : k → C. Furthermore we have,
where the second coproduct is taken over the colors c in C such that φ(c) = c ′ , the functions χ : X → C such that φχ = χ ′ , the functions α → k, the functions υ : k → C, and the k-tuples of Proof. This is a corollary of the previous lemma since comonoids induce comonoids through lax comonoidal functors.
Definition 19 (Morphisms of colored cooperads). A morphism of colored cooperads from
C = (C, C, ∆, ε) to D = (D, D, ∆ ′ , ε ′ ) is a morphism of S-modules f = (φ, f ! ) such that f ! is a morphism of D-cooperads from (φ ! C, ∆ φ , ε φ ) to (D, ∆ ′ , ε ′ ).
Proposition 6. Colored cooperads with their morphisms form a category denoted by Coop.
Proof. This proof is similar to the proof of Proposition 4 for colored operads.
2.2. Coaugmented colored cooperads. Throughout this section, E is an abelian monoidal category.
Definition 20 (Coaugmented colored cooperad). A coaugmented colored cooperad
is the data of a colored cooperad (C, C, ∆, ε) together with a morphism of C-cooperads u :
Since E is an abelian category, any coaugmented colored cooperad C has the form C = I C ⊕ C where C is the kernel of the counit map ε : C → I C . Furthermore, the restriction ∆ |C of the coproduct ∆ to C is equal to 
is a morphism of colored cooperads f = (φ, f ! ), whose restriction to I C is equal to the identity:
This defines the category of coaugmented colored cooperads.
2.3. The tree module and the free colored operad. The tree module is the underlying construction of the free colored operad and the cofree colored cooperad on an arbitrary colored Smodule.
Definition 22 (Colored trees)
. Let C be a set. A C-colored tree t = (T, κ) is the data of a tree T = (V, F, u, ρ, r) and a coloring function κ from the set of edges of T to the set of colors C. A morphism of C-colored trees from t to t ′ is a morphism of trees such that the induced function on edges commutes with the coloring functions.
Notations. Note that trees are denoted by capital letters, whereas colored trees are denoted by small letters. Let t = (T, κ) be a C-colored tree and V be a (C, S)-module. For any vertex v of t, we denote by in(v) and out(v) respectively the set of inputs and the one-point-set of the output of v. Then we will denote the object V(κ(out(v)); κ |in(v) ) simply by V(v).
For any (C, S)-module V and any C-colored tree t = ((V, F, u, ρ, r), κ), we denote by t(V) the following colimit in the category
which is made up of all the possible ways of labeling the vertices of the tree t with elements of V. This colimit is taken over the set of bijections from the set n to the set V of vertices of t, n being the number of vertices of t, modulo the action of S n .
For any object (c; χ : X → C) in the category Bij C , we consider the category Tree C (c; χ) where the objects are pairs (t, α), with t a C-colored tree whose root is colored by c and α a bijection from X to the leaves of t such that the following diagram commutes
The morphisms in Tree C (c, χ) from (t, α) to (t ′ , α ′ ) are the isomorphisms of C-colored trees β : t → t ′ such that α ′ = βα on the leaves. For any (C, S)-module, Formula (1) induces a functor from the category Tree C (c; χ) to the category E, i.e. a diagram in E.
Definition 23 (Tree module). For any (C, S)-module V, the tree module TV is defined, for any object (c; χ) of the category of Bij C , by the following colimit:
TV(c; χ) := colim (t,α)∈TreeC (c;χ)
t(V) .
This construction is functorial in (c; χ) and thus defines a (C, S)-module.
For any C-colored tree t, we can consider the object t(V) of E as a (C, S)-module by taking the above colimit only over the pairs (t ′ , α) such that t ′ is isomorphic, as a C-colored tree, to t, that is t(V)(c; χ) := colim
(t ′ ,α)∈Tree C (c;χ) t ′ ≃t t ′ (V) .
Note that the coproduct [t] t(V) over the isomorphism classes [t] of C-colored trees is isomorphic to the tree module of V, TV ∼ = [t] t(V) .
Finally, the tree module TV is functorial in V and thus defines an endofunctor T of the category (C, S)-Mod. It canonically extends to an endofunctor T of the whole category of colored S-modules. In the sequel, we will also work with the augmented tree module TV made up of non trivial trees.
TV ∼ = [t] =| t(V) .
Remark 3. Let t = t 1 ⊔. . . ⊔t k be a partition of the C-colored tree t into sub-trees. Let φ : C → D be a function and let f (t i ) be a morphism of colored S-modules over φ from t i (V) to (D, W), for any i. Then, it induces a morphism of colored S-modules over φ from t(V) to (D, W), that we denote by f (t 1 ) ⊗ · · · ⊗ f (t k ). In plain words, the colored operad T o V is the free colored operad on the colored S-module V.
Notations. If f is a morphism of S-modules from (C, TV) to (D, W), then we denote by f (t) the restriction of f to t(V), for any C-colored tree t.

Conilpotent colored cooperads.
We suppose again that E is an abelian category. 
for any conilpotent colored cooperad C and any S-module (D, V) is given as follows. Any morphism of S-modules f : (C, C) → (D, V) extends to a morphism of conilpotent colored cooperads Rf from C to T c V using the following formula:
In plain words, the colored cooperad T c V is the cofree conilpotent colored cooperad on the colored S-module V. In the case where C is a cofree conilpotent colored cooperad C = (C, T c W), the adjoint morphism Rf : T c W → T c V is given by the more simple formula
where the sum is taken over the partitions with no trivial component of the C-colored tree t.
Derivations and coderivations.
In this paragraph, the monoidal category E is, most of the time, the category gr-Vect of graded K-modules with degree zero linear maps. It is a subcategory of the category gr-Vect deg of graded K-modules with graded morphisms. We will just allow ourselves to use morphisms of degree different from zero to build codifferentials.
Let V and W be two (C, S)-modules. By definition, V, W and V • W are gr-Vect-presheaves over Bij C . Let f : V → V and g : W → W be two endomorphisms of gr-Vect deg -presheaves over Bij C . For any homogeneous elements x ∈ V(c; φ) and x i ∈ W(φ(i), ψ i ), for 1 ≤ i ≤ k, we consider the following map:
The collection of these maps can be lifted to a morphism
of gr-Vect deg -presheaves over Bij C , which is a linearization of the morphism f • g.
Definition 25 (Derivations, differentials, coderivations, and codifferentials).
⊲ A derivation of a colored operad P = (C, P, γ, η) is a morphism d : P → P of gr-Vect degpresheaves over Bij C such that
A differential is a degree −1 square-zero derivation.
A codifferential is a degree −1 square-zero coderivation. 
where the sum is taken over the non-trivial sub-trees s of a colored tree t. In this context, the coderivation d γ squares to zero if and only if
Proof. The proof is similar to the non-colored case, see [LV12, Chapter 6].
Notations. For a coderivation d γ on a cofree colored cooperad T c V, we denote by γ its projection onto V.
As we have already seen through Equation (2) 
-modules. Then Rf is a morphism of coaugmented dg cooperads, i.e. it commutes with the codifferentials, if and only if
Proof. The proof is similar to the proof of Proposition 10.5.3 of [LV12] . On the one hand, if
On the other hand, since Rf is given by Formula (2) and since d γ is given by Proposition 9, we have
for any C-colored tree t. We also have:
Convention. In the case where the category E is the category dg-Vect of chain complexes, a codifferential on the cofree cooperad T c V has the from d 1 + d ≥2 , where d 1 is the internal codifferential induced by the differential of V through the formula
and where d ≥2 is an additional codifferential, which is nonzero only on T ≥2 V, the summand made up of trees with at least two vertices. We refer the reader to [LV12, Chapter 6] for more details.
2.6. The categories of homotopy colored operads. The concept of homotopy operads in the differential graded context was introduced by Pepijn Van der Laan in the non-colored case in the paper [VdL03] . In order to compare this notion to ∞-operads, we need to extend it by including colors and adding a homotopy coherent unit. In this section, the category E is the category dg-Vect of chain complexes.
Definition 26 (Strict unital homotopy colored operads).
⊲ A nonunital homotopy colored operad P = (C, P, γ) is the data of a colored S-module (C, P) and a codifferential d γ on the cofree colored cooperad T c (sP) on the suspension sP of P. A strict unital homotopy colored operad P = (C, P, γ, η) is the data of a nonunital homotopy operad (C, P, γ) together with a morphism η : I C → P of S-modules called the unit. For each color c in C, we denote by id c the image of the unit 1 K of the ground field K under the map η(c; c) from K = I C (c; c) to P(c; c). Furthermore we require that the unit satisfies the following homotopy coherences:
for colored trees t with 2 vertices; γ(t)(sp ⊗ sid c ) = (−1) |p| sp, for colored trees t with 2 vertices; γ(t)(sp 1 ⊗ · · · ⊗ sid c ⊗ · · · ⊗ sp n−1 ) = 0, for colored trees t with at least 3 vertices.
In the second (resp. the third) equation sid c (resp. sp) labels the vertex attached to the root of t. ⊲ A morphism of nonunital homotopy colored operads P = (C, P, γ)
. A morphism of strict unital homotopy colored operads from P = (C, P, γ, η) to Q = (D, Q, ν, θ) is a morphism Rf of nonunital homotopy colored operads such that its composite with the projection onto the generators f : T(sP) → sQ satisfies:
The category of strict unital homotopy colored operads is denoted by suOp ∞ .
Interpretation. Let us unfold this definition a little bit. A nonunital homotopy colored operad P = (C, P, γ) can actually be viewed as a colored S-module endowed with a partial composition "associative up to higher homotopies". To be precise, it is necessary to give an orientation to the trees. This orientation will allow us to deal with the signs inherent to the underlying symmetric monoidal structure of the category dg-Vect and which come from the suspension. For example, let t = ({v 0 , v 1 , v 2 }, F, u, ρ, r, κ) be a C-colored tree with three vertices represented in the following picture.
• v 0 Figure 5 . The tree t.
The set of leaves is denoted by l and the color of the root is c ∈ C. The sub-tree containing v 0 and v 1 (respectively v 0 and v 2 ) is denoted by t 1 (resp. t 2 ) and its leaves by l 1 (resp. l 2 ). Let x be an element of the K-module t(P). It is equal to a sum of elements a 0 ⊗ a 1 ⊗ a 2 where a i ∈ P(v i ).
The choice of such a representation of x is related to the way we travel along the tree: in, this case, the path is (v 0 , v 1 , v 2 ). This defines an orientation of the colored tree t. This orientation induces a morphism
Then, applying γ and the desuspension map sP → P gives a morphism
of degree 1. Furthermore, the orientation that we have chosen for t induces orientations on t 1 , t 2 , t/t 1 and t/t 2 . Applying the same procedure produces degree 0 morphisms respectively from P(v 0 ) ⊗ P(v 1 ) to P(l 1 ), from P(v 0 ) ⊗ P(v 2 ) to P(l 2 ), from P(l 1 ) ⊗ P(v 2 ) to P(l) and from P(l 2 ) ⊗ P(v 1 ) to P(l). We denote all of them by γ 2 , since they amount to composing 2 vertices labeled by P. Let τ be the canonical isomorphism P(v 0 ) ⊗ P(v 1 ) ⊗ P(v 2 ) ≃ P(v 0 ) ⊗ P(v 2 ) ⊗ P(v 1 ). The fact that d γ squares to zero implies:
where ∂(γ 3 ) = d P γ 3 + γ 3 d P ⊗3 . We interpret γ 2 as a partial composition; so the above equation shows that the parallel composition is not strictly associative but "associative up to homotopy"; and this homotopy is precisely γ 3 . In the same way, γ 3 applied to trees with 3 vertices one above another provides us with a homotopy for the sequential composite of γ 2 . The other maps γ(t), for bigger trees t, are higher homotopies. Indeed, given an orientation on a colored tree t, we have the following equation:
where the sum is taken over all the sub-trees s of t, with at least 2 vertices. In strict unital homotopy colored operads, the composition is relaxed up to homotopy but the unit remains strict.
Interpretation. A morphism of nonunital homotopy colored operads from P = (C, P, γ) to
according to Proposition 10. Again, a choice of orientation of a colored tree t with n vertices v 0 , . . . , v n−1 gives a morphism of graded K-modules f n : P(v 0 ) ⊗ · · · ⊗ P(v n−1 ) → Q(l) and morphisms γ n :
In the case where the tree t has two vertices, the fact that f is a morphism of dg cooperads implies:
Since γ 2 and ν 2 are interpreted as composite maps, f 1 commutes with these compositions up to homotopy; and this homotopy is precisely f 2 . The other maps f (t) for bigger trees t are the data of a higher homotopical control. A morphism of strict unital homotopy colored operads commutes with the composite maps up to higher homotopies but strictly with the units. Proof. The proof of the first point is straightforward with the various definitions from [FOOO09] . For the second point, any dg colored operad P = (C, P, γ, η) can be seen as the strict unital homotopy colored operad (C, P, γ, η) as follows. The structure map γ is defined by γ(t) := 0 for colored trees t with more than 3 vertices, by
for colored trees t with 2 vertices, and by γ(t) := d sP = −d P for colored trees t with 1 vertex.
In this context, a morphism of dg colored operads P → Q is a morphism of strict unital homotopy colored operads Rf such that the corresponding morphism of colored S-modules f : T(sP) → sQ vanishes on the trees with two vertices or more.
The dendroidal nerve of strict unital homotopy colored operads
In this section, we introduce the dendroidal nerve of strict unital homotopy colored operads; we then show that its image actually produces an infinity-operad. So it provides us with a new functor which relates these two notions. To compare this dendroidal nerve with the existing constructions, we prove that it extends both Faonte-Lurie's simplicial nerve of strict unital A ∞ -categories and Moerdijk-Weiss' homotopy coherent nerve of dg operads.
From now on, the word "colored" will often be understood. For instance, we call "strict unital homotopy colored operads" simply by "su homotopy operads".
3.1. Trees as operads. Let Lin be the functor which associates to any set the free K-module on it
This K-module can be considered as a differential graded K-module concentrated in degree zero with trivial differential. Therefore, we view the functor Lin as mapping into the category dg-Vect. This functor is a strong monoidal functor, i.e. Lin(X × Y ) ∼ = Lin(X) ⊗ Lin(Y ). So it can be extended to a functor from the category of colored operads on sets to the category of differential graded operads.
We denote by Ω(T ) := Lin(Ω(T )) the image under this functor of the set-theoretical operad Ω(T ) (Definition 13). The colors of Ω(T ) are the edges of T and Ω(T )(a; χ : X → edges(T )) = K when χ is injective and when there is a sub-tree (possibly trivial) of T with root a and leaves χ(X).
Since Ω(T ) is a dg operad, it can be consider as a su homotopy operad. Furthermore, the map T ∈ Tree → Ω(T ) ∈ Op defines a codendroidal object in the category of set-theoretical operads. Therefore, the map T → Ω(T ) is a codendroidal object in the category dg-Op of dg operads and so in the category suOp ∞ of su homotopy operads.
3.2. The dendroidal nerve. The usual nerve of a category is a functor which associates, to any small category C, the simplicial set
where Cat is the category of small categories and where [n] is the poset 0 < · · · < n viewed as a category. More generally, the nerve of an object X in a category A associated to a functor F : ∆ → A is the simplicial set N(X) n := Hom A (F ([n] ), X). In the same way, a dendroidal nerve of an object X associated to a functor F : Tree → A is the dendroidal set
We apply this construction to the functor T ∈ Tree → Ω(T ) ∈ suOp ∞ .
Definition 27 (Dendroidal nerve). The dendroidal nerve of su homotopy operads N Ω is the functor from the category suOp ∞ to the category dSet of dendroidal sets defined by the following formula:
for any tree T and any su homotopy operad P.
Let us describe the dendrices of the dendroidal nerve of a su homotopy operad P = (C, P, γ, η). We denote by d ν the structural codifferential on T c (sΩ(T )), which comes from the operad structure on Ω(T ).
Lemma 4. A T -dendrex Ω(T ) P is equivalent to the following data: ⊲ an underlying function φ from the set of edges of T to the set of colors C, ⊲ maps f (t) : t(sΩ(T )) → sP over the function φ for any tree
t = T ′ /T 1 · · · T k , which is the contraction of a sub-tree T ′ of T along a partition T ′ = T 1 ⊔ . .
. ⊔ T k and which is canonically colored by the set of edges of T , satisfying the following equations, for the same class of trees t,
where the sum runs over the partitions with no trivial component of the colored tree t.
Remark 4. As the trees t = T ′ /T 1 · · · T k are canonically colored by the set of edges of T , the set of such colored trees is canonically bijective with the set of partitioned sub-trees of T under the inverse of the mapping
Proof. On the one hand, a T -dendrex is a morphism of su homotopy operads Ω(T ) P, which can be described as a morphism of S-modules f : T(sΩ(T )) → sP satisfying Relation (3). In particular, it gives us an underlying function φ from the set of edges of T to the set of colors C of P and morphisms f (t) for any colored tree t = T ′ /T 1 · · · T k satisfying Relation (4). On the other hand, let us consider a function φ and morphisms {f (t)} t=T ′ /T1···T k satisfying Relation (4). Let us fix:
⊲ for any colored tree t with one vertex v and two edges having the same color e ∈ edges(T ),
⊲ for any other tree t, colored by the edges of T , and which is different from a contraction of a sub-tree of T , f (t) := 0. The data of the function φ and the maps {f (t)} t amounts to a morphism f : T(sΩ(T )) → sP. Furthermore, since the morphisms {f (t)} t=T ′ /T1···T k satisfy Relation (4), then the morphism f satisfy Relation (3) and so is a T -dendrex of P.
The definition of morphisms of su homotopy operads induces the following description of the images of dendrices under the face and degeneracy maps of the dendroidal nerve N Ω (P). Let x = (φ; {f (t)} t=T ′ /T1···T k ) be a T -dendrex of the dendroidal nerve N Ω (P). For any outer vertex v of T , the outer face δ v (x) of x is given by the restriction of φ to the set edges(T ) \ in(v) and by the restriction of the family {f (t)} t=T ′ /T1···T k to the contractions of the sub-trees T ′ of T − {v}.
For any inner edge e of T , the corresponding inner face δ e (x) of x is given by the restriction of φ to the set edges(T ) \ {e} and by the restriction of the family {f (t)} t=T ′ /T1···T k to the partitioned sub-trees T ′ of T such that the edge e is inside one of the trees T i . Finally, let e be an edge of T and let T σ be the tree obtained from T replacing e by two edges e 1 and e 2 separated by a vertex v. There is a codegeneracy s :
The corresponding degeneracy σ(x) of x is a T σ -dendrex (φ σ ; {f σ (t)} t ) of N Ω (P) described as follows. On the one hand, we have φ σ (e 1 ) = φ σ (e 2 ) = φ(e) and φ σ (a) = φ(a) for the other edges a of T σ which can be considered as edges of T . On the other hand, let t = T ′ /T 1 · · · T k be a contracted sub-tree of T σ .
⊲ If k ≥ 2 and if one of the T i is the one-vertex tree made up of the vertex v and the edges e 1 and e 2 , then f σ (t) = 0. ⊲ If t is the one-vertex tree made up of the vertex v and the edges e 1 and e 2 , then f σ (t) is equal to: where the first sum runs over the inner edges of the tree T different from e and where the second runs over all the partitions of the tree T with no trivial component. Since Id ⊗ · · · ⊗ ν(e) ⊗ · · · ⊗ Id is an isomorphism of S-modules, we have built f (T /e). We know that Equation (4) is satisfied for every tree t = T ′ /T 1 · · · T k which is the contraction of a sub-tree T ′ of T along a partition
As in the proof of Proposition 10, we have:
and so
The above equation rewrites
where the two sums run over the inner edges of the tree T . We already know that (f d ν )(T /a) = γRf (T /a) for all the inner edges a different from e and that Id ⊗ · · · ⊗ ν(e) ⊗ · · · ⊗ Id is an isomorphism. Therefore, we get
So f d ν = γRf and the morphism f induces a T -dendrex of N Ω (P), which extends the initial morphism
So, the image of N Ω (−) lies in the category of ∞-operads. Therefore, we can consider it as a functor from the category of su homotopy operads to the category of ∞-operads:
Recall from Proposition 11, that strict unital A ∞ -categories are the su homotopy operads concentrated in arity one. G. Faonte already defined in [Fao13] a simplicial nerve N A∞ for strict unital A ∞ -categories, generalizing a first construction of J. Lurie [Lur12] . The present dendroidal nerve is actually a generalization of Faonte's simplicial nerve. 3.4. The Boardman-Vogt construction. We recall here the Boardman-Vogt construction for the dg operads Ω(T ). For more details, we refer the reader to the original papers [BM07, BM06, Wei07] .
Definition 28 (An interval in the category of chain complexes). Let H be the chain complex made up of two generators h 0 and h 1 in degree 0 and one generator h in degree 1 such that the differential d(h) is equal to h 1 − h 0 . It is equipped with a symmetric product ∨ : H ⊗ H → H such that h 0 is a unit, h 1 is idempotent, h is nilpotent, and such that h ∨ h 1 = 0; it is also equipped with a map ǫ : H → K such that ǫ(h i ) = 1 K and ǫ(h) = 0.
Definition 29 (The Boardman-Vogt construction). For any tree T , the Boardman-Vogt construction W H (T ) of the operad Ω(T ) is the operad with the same colors (the leaves of the tree T ) and made up of colored trees whose vertices are labeled by elements of Ω(T ) and whose inner edges are labeled by elements of the interval H. This is subject to the two following identifications.
⊲ If a vertex v with one input is labeled by an identity, then the tree is identified with the same tree with the vertex v removed and the two adjacent edges glued together. If the resulting edge is inner, then it is labeled by the element of H given by the product of the two elements labeling the former adjacent edges. And if the resulting edge is outer, then the tree is multiplied by the image under ǫ of the former inner adjacent edge. ⊲ If an inner edge e is labeled by h 0 , then the tree is identified with its contraction along this edge. The resulting vertex is labeled by the composition in the operad Ω(T ) of the labelings of the two former adjacent vertices. The operadic composition is given by the grafting of trees where the new inner edge is labeled by h 1 .
As an operad in the category of graded K-modules, W H (T ) is the free operad over the following S-module V H (T ). For T ′ a sub-tree of T with c 1 , . . . , c n as inputs and c 0 as output, the component of the S-module V H (T ) is V H (T )(c 0 ; c 1 , . . . , c n ) :=
where the sum is taken over the trees t obtained from T ′ by contraction with respect to one of its partition T 1 , . . . , T k . The generator e t corresponds to labeling the edges of T ′ by h 0 if they are inner in one of the T i and by h otherwise. Its degree |e t | is equal to the number of inner edges of the tree t. Otherwise, we set V H (T )(c 0 ; c 1 , . . . , c n ) := {0}. The differential is given by the formula: (5) d(e t ) = a ±γ(e ta ⊗ e at ) ± e t/a , where the sum is taken over the inner edges a of the tree t, where at (resp. ta) is the sub-tree of t under (resp. above) the edge a, and where γ(e ta ⊗ e at ) is the composite of e at and e ta in the free operad W H (T ). Furthermore, the tree t/a is the contraction of t along the edge a.
Remark 5. The signs are produced by the signed permutations of edges. This can be done coherently as follows: we first choose a planar representative of the whole tree T . Then, we order the inner edges of T from bottom to top and from left to right. This induces a total ordering on the inner edges of t, thereby numbered 1 to |e t |. In this context, the first sign ± appearing in Equation (5) is (−1) (a−1+|eta|−a+1)|eat| and the second sign is (−1) a .
The Boardman-Vogt construction W H (T ) is functorial in T as follows. An outer coface T − {v} → T (resp. an inner coface T /e → T ) induces canonically an injection between operads W H (T − {v}) → W H (T ) (resp. W H (T /e) → W H (T )). A codegeneracy T → T /v induces a morphism of operads which sends an element with underlying tree T ′ ⊆ T to the similar element with underlying tree T ′ /v ⊆ T /v, where the inner (resp. outer) edge resulting from the removal of v is labeled by the element of H given by the product of the two elements labeling the adjacent edges of v (resp. is labeled by the image under ǫ of the inner adjacent edge of v). These morphisms satisfy the same equations as the cofaces and codegeneracies. Therefore we have defined a codendroidal operad T → W H (T ).
3.5. The dendroidal nerve for operads is the homotopy coherent nerve.
Definition 30 (The homotopy coherent nerve). The homotopy coherent nerve of a dg operad P is defined by the following dendroidal set hcN(P) T := Hom dg-Op (W H (T ), P) .
For dg operads, this construction is equal to the dendroidal nerve.
Theorem 2. There is a canonical isomorphism
Proof.
Let us unfold what a T -dendrex of the homotopy coherent nerve hcN(P) of a dg operad P = (C, P, γ, η) is: a morphism of differential graded operads from W H (T ) to P. In particular, it is a morphism of operads on graded K-modules and, thus, is a morphism of S-modules from V H (T )
